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THE HULL OF HOLOMORPHY OF A NONISOTROPIC BALL
IN A REAL HYPERSURFACE OF FINITE TYPE

A. BOGGESS, R. DWILEWICZ, AND A. NAGEL

ABSTRACT. We show that the hull of holomorphy of a nonisotropic ball in a real
hypersurface of finite type in C” contains an open set in C" which emanates
from the hypersurface a distance which is proportional to the length of the
minor axis of the nonisotropic ball. In addition, we prove a maximal function
estimate for plurisubharmonic functions which is important in the study of
boundary values of holomorphic functions.

1. INTRODUCTION

Hans Lewy [L] first introduced the problem of the local holomorphic exten-
sion of CR functions when he showed that near a point on a real hypersurface
M in C" of type 2, i.e., a point where the first Levi form is nonvanishing, CR
functions locally extend as holomorphic functions to an open set in C". That
is, the local hull of holomorphy of such a hypersurface coniains an open set in
C" . Since then, there has been an abundance of literature on CR extension. In
particular, Baouendi and Treves [BT] and later Boggess and Pitts [BP] general-
ized Lewy’s result to points of finite but higher type, i.e., points where the first
Levi form vanishes but where some higher order Levi form is nonvanishing.
Our goal in this paper is to give a precise description of the size of the hull
of holomorphy of an open subset w of M in terms of the size of @ and the
geometry of M .

Some preliminary results of this type are implicit in the work of [L] and [BP].
If p e M is a point of type m < oo, then it is shown in [L] (for m = 2) and
[BP] (for 2 < m < oo) that if @ contains the Euclidean ball of radius ¢ in
M centered at p, then the hull of w contains an open set in C" which em-
anates from M a distance of CJ”, where C is some proportionality constant.
However, the proportionality constant C depends on various derivatives of the
defining functions of M which may get uncontrollably small, for example, at
points of type 2 which are near points of higher type. Instead, it would be desir-
able to have a size estimate for the local hull of holomorphy which is uniform
at all points M , regardless of type.
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If M is a hypersurface of finite type, there is an intrinsic nonisotropic metric
on M which reflects the possible degeneracy of the Levi form. This metric was
defined and some of its properties stated in [NSW1], and the corresponding
nonisotropic balls B,,(p, ) have been used in other contexts (see [NSW2, NJ).
The nonisotropic balls B, (p, 6) are smaller than the corresponding isotropic
balls defined by the ambient Euclidean metric. In [N] this nonisotropic metric
was used to study the local hull of holomorphy of nonisotropic balls for certain
very special hypersurfaces M of the form

M ={(z,w) e C*; Im(w) = P(z)},

where P is a subharmonic, nonharmonic polynomial.
In this paper, we show that for a general hypersurface M c C" of finite
type, there is a size estimate for the local hull of holomorphy of the associated

nonisotropic balls B,,(p, d) which is uniform at all points of M . These size
estimates are defined in terms of quantity

m )
Ay(p,8)=2"4,()d,
j=2

where m,, is the maximum type of any point on M, and /11, (p) involves com-
mutators of length j of vector fields from the complexified holomorphic tangent
bundle of M and vanish when the Levi form at p vanishes to order j — 2.
Thus at points of type 2, A, (p, d) ~ 6% for small § while at a point of maxi-
mum type, A, (p, d) ~ 6™ for small ¢ . For larger ¢, the quantity A,,(p, d)
provides a smooth transition between points of type 2 and points of higher type.
This allows us to give a uniform description of the hull of holomorphy of the
nonisotropic balls B, (p, d), which are essentially twisted ellipsoids centered
at p of radius 6 in the holomorphic tangent space directions, and of radius
A, (p, d) in the totally real direction.

If the hypersurface M bounds a pseudoconvex domain D, then one expects
that the hull of holomorphy will always be on the convex side of the surface
M . On the other hand, if we only assume that M 1is of finite type, the hull
of holomorphy may be on either (or both) sides, as is shown in the work of
Baouendi and Treves [BT2]. Thus our main theorem (Theorem 2.4) comes
in two parts. The first part states (roughly) that if the surface M is of finite
type, then the hull of holomorphy of a nonisotropic ball B,,(p, J) contains an
open set in C" which lies on one (or both) sides of M, and which emanates
a distance at least 7,A, (p,d) from M in the same normal direction over a
smaller ball B,,(p, ¢,0), where 7, and ¢, are uniform constants independent
of p and J. The second part states (roughly) that if in addition M bounds
a pseudoconvex domain, then the hull of holomorphy will contain an open set
described as follows: for each point ¢ € B, (p, J), the open set contains those
points on the normal line to M through ¢ which lie on the convex side of
M , and whose distance from ¢ is at most T A, (p, 54). Here 7, is again



THE HULL OF HOLOMORPHY OF A NONISOTROPIC BALL 211

a uniform constant independent of p, ¢, and J, and ¢ . is the radius of
the largest nonisotropic ball centered at ¢ contained in B, (p, ). The main
difference to notice in these two cases is that in the pseudoconvex case, one
has control over the size and direction of the open set above every point of
the ball B, (p, J), while if one only assumes finite type, one has this uniform
directional control only over a smaller ball B, (p, ¢,0).

Our approach to the problem of estimating the hull of holomorphy uses the
techniques of analytic discs. Thus we show (Theorem 2.5) that we can fill out
the required open sets in C” with the centers of analytic discs whose boundaries
lie to one side of the hypersurface M . We can also use our analytic disc result
to show (Theorem 2.6) that if M bounds a pseudoconvex domain D, then the
value of a plurisubharmonic function u« at a point z € D can be estimated by
an average of |u| over an appropriately chosen nonisotropic ball on A . This
estimate was obtained in very special cases in [N], and is of independent interest
since the analogous result for subharmonic functions and Euclidean balls in R”"
is false.

In C? , convex examples show that our results our sharp. That is, the hull of
holomorphy of a nonisotropic ball in a real hypersurface in C 2 is up to propor-
tionality constants no bigger than the set described in Theorem 2.4. However,
for n > 2, our results are not optimal because our ellipsoids do not distin-
guish between different directions within the holomorphic tangent space. For
example, if

2 4
M ={Rez, =|z,|" +|z4| '},

then the hull of holomorphy of our ellipsoid B,, (0, Cd) in M will emanate

a distance of roughly 5% from M. However, the hull of holomorphy of an
ellipsoid which is much thinner in the z; direction will also emanate a distance

of roughly 5° from M . Thus, our results are most interesting in C 2 In fact,
we shall reduce the higher dimensional case to the case of C? by a slicing
technique.

Our paper is organized as follows. Precise definitions and statements of re-
sults are given in §2. This includes definitions of the nonisotropic balls and
the quantity A, (p, d). Results about these balls were merely announced in
[NSW1], and in §3, we give complete proofs of needed results and some equiv-
alent descriptions of these nonisotropic balls. We also reformulate our main
results in terms of these equivalent definitions (Theorem 3.18). The proof of
our theorem on the hull of holomorphy is then completed in §§4 and 5. The
proof of our estimate for plurisubharmonic functions is given in §6.

We would like to thank Steve Wainger for several stimulating conversations
about the possibility of obtaining results for the finite type case without the
hypothesis of pseudoconvexity. We would also like to thank the referee for his
thorough reading of the manuscript. The referee made many suggestions which
simplified the proof considerably.
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2. NOTATION AND STATEMENT OF RESULTS

First let us fix notation. Let U C C" be an open set and let A C U be a
smooth real hypersurface given by

M={zeU;r(z)=0},
where r € C*°(U) and Vr(z) #0 when r(z) =0. We let
T={zeU;r(z)>0}, U ={zeU;r(z)<0}.

We let T(M) be the real tangent bundle to M, and we let H(M) be the
holomorphic ( J-invariant) subbundle of T(M). We let HC(M) =H' ‘O(M) +
H*! (M) be the complexification of H(M) in the usual way. Note that for p €
M | the fibers over p have the following dimensions: dimC(HpC(M)) =2n-2
and dim. H) *(M)=n—1 =dim. H."'(M).

Near a ﬁxed point p, € M we can choose a local set of generators
L,...,L,_, for H"°(M) (s0o L,,...,L
We can also locally choose a vector field 7 which is transverse to HC(M ),
so the complexified tangent bundle of M is generated near p, by the L’s, the
L’s,and T .

For convenience, let Lj+n—l = Zj for j=1,...,n—1. Now for pe M
near p, and 1 <i,..., ij < 2n — 2 define l,w_”,. (p) by the equation

J

locally generate HO"(M)).

n—1 n—1

(L, [.(L,L)..0l,=4 ()T, mod H, (M).

i Il"“‘/

We let

=S 1a, . ),
where j > 2 and the sum runs over all /,,...,i, with k < j and 1 <
i,...,1, <2n—2. Note that when j = 2, the matrix {/1 ,.7 (p)}, i, =
l,...,n—=1,i,=n,...,2n~—2,is the usual Lev1formmatr1xof M at p.

We now suppose M has finite type m,. Recall (see Kohn [K] or Bloom
and Graham [BG]) that a point p € M has type m if for every choice of
vector fields L,,..., L, , and T, all commutators of the L’s and L’sat p
of length less than m have zero T component, and there is some commutator
among the L’sand L’sat p of length m which has a nonzero 7" component.

We now define our size function A, (p, o) for p € M near p, and 6 >0
by

mg

(2.1) Ay (p,9) ZA

Note that this function A,, depends on the choice of vector fields L, ..., L,_,
and 7. However, a different choice of L’sand T will result in a new function
A,, and the ratio A, /A,, will be bounded and bounded away from zero near
P, - Thus, although we will generally work locally near a fixed point p, € M, we
can patch the locally defined functions together to obtain a function A, (p, J)
defined for all p € M and J > 0. The finite type hypothesis then implies that
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for every compact set K in M there are positive constants C, and C, so that
peK and 0<d < 1:
C,6" <A, (p,0) < Cd .
Let us write Lj = Xj+in for 1 <j<n-1, where Xj and YJ are real vector
fields in T(M).
Definition 2.2. For p € M, p near p,, and ¢ >0 let
n—1
DX+ BY+ VT} (p)
j=!
where a, ﬂj, y € R, with Iaj| <d,

BM(p,6)={q€M;q=exp

I/”,I<5,|?1<AM(1),5)forlSjsn—l}.

Here, exp refers to the usual exponential map. As mentioned in the intro-
duction, these balls are essentially twisted ellipsoids of radius J in the complex
tangential directions, and radius A, (p,d) in the direction 7. A different
choice of vector fields will result in different but comparable balls.

We call a smooth map n: U — M a projection if for every pe M, n(p) =
p and {n_'(p)} is a smooth one-dimensional submanifold of U which is
transverse to M .

The local hull of holomorphy of B, (p,d) will be described in terms of
certain open set V;t in the general case and O (p, ) in the case M bounds
a pseudoconvex domain. In the definition and the theorems which follow, we
shall assume that the defining function r is chosen so that if M bounds a
pseudoconvex domain, then U~ 1is pseudoconvex.

Definition 2.3. Let
(@) V. (p.0)={q€U":n(q)€By(p,d)and|n(q) - q| < uAy(p, o)}
For g € U™ with n(q) € B,,(p, 9), let
0,=90, ,=sup{t>0; B, (n(q), 1) CBy(p, )}
and let
(b) O,(p,0)={q€U ;n(q)€ By (p,9)and |n(q) —q| < uA(7(q),3,)}.

Here |-| refers to the Euclidean distance in C".
Our main result is the following.

Theorem 2.4. (a) Suppose M c U c C" is a smooth real hypersurface of finite
type m, and let K CC M be compact. There are an open set U' c U with
K cc U', a projection n: U — MU', and constants Ky, €y, 0y > 0 so
that if p € K and 0 <6 <6, then the hull of holomorphy of the set B,,(p, 6)
contains either Vu:(p, £00) or V. (p, &0) (or both).

(b) If in addition M is the smooth boundary of a pseudoconvex domain
D (= U") of finite type, then there are constants 6,, C, u, > 0 so that if
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0 < d < d,, then the hull of holomorphy of the set B,,(p, 6) contains the open
set Oﬂn(p, 0).

As mentioned in the introductior., our approach to this theorem involves
analytic discs. An analytic disc is a continuous map A from the closed unit
discin C to C" which is holomorphic on the open unit disc.

In order to prove Theorem 2.4(b) for example, it suffices to show that each
point g € Oﬂo(p, 0) is the center of an analytic disc 4 whose entire image lies

in n']{BM(p, J)} and whose boundary lies in the set n_'{BM(p, NnU",

i.e., we want the center of the disc A (i.e., the point g ) and the boundary of

the disc 4 to lie on opposite sides of M . Once this is accomplished, the point

g must lie in the hull of B, (p,d) in view of the analyticity of 4 and the

maximum principle applied to the set {{ in the unit disc; A({) e U™ }.
Therefore, Theorem 2.4 reduces to

Theorem 2.5. With all the assumptions and notation of Theorem 2.4, we have
(a) Each point in Vu:(p, &gd) (or in V,"(p. &0)) is the center of an an-
alytic disc whose image lies in n'l{BM(P, o)} and whose boundary lies in
n (B, (p,8)}nU" (orin n (B, (p,d)}nU").
(b) If M bounds a pseudoconvex domain, each point of o,(, 0) is the center

Ly
of an analytic disc whose image lies in 1~ {B,,(p,d)} and whose boundary lies
in n_'{BM(p, NNU".

Theorem 2.5 together with the CR approximation theorem of Baouendi and
Treves [BT] and the maximum principle yield the following CR extension re-
sult: Continuous CR functions on B,,(p, d) extend to holomorphic functions on
V#:(p, €,0) or Vﬂ; (p, €,0) under the assumptions given in part (a) in Theorem
2.4, and to 0”“(1), o) under the assumptions given in part (b) of Theorem 2.4.
The above mentioned theorem of Baouendi and Treves as stated in their paper
is a local theorem about a fixed point. However, a careful look at the proof
shows that the size of the neighborhood on which CR functions can be ap-
proximated can be made independent of the point lying in some fixed compact
set.

Finally, we state our theorem on estimates for plurisubharmonic functions.

Theorem 2.6. Let M be the smooth boundary of a bounded pseudoconvex do-
main of finite type. Then there is a projection n: DNU — M and there are
constants 6,, C, A > 0 with the following property. Let u be a continu-
ous function on D which is plurisubharmonic on D and let z € DN U with
|z—n(z)|=CA,(n(z),06) and 0 <J < J,. Then

A
u(z) < m/geﬁku(é)lda(ﬂ,

where B = B, (n(z), J)
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Here |B| refers to the Lebesgue measure of the ball B. Note that the con-
stants C', 4, and ¢, are independent of the plurisubharmonic function u, the
point z,and 0<dJ <4,.

3. EQUIVALENT FORMULATION OF THE SIZE FUNCTION AND BALLS

It will be convenient to have a more computational formula for A, (p, J)
and the balls B, (p,d) in terms of defining functions for M. In turn, this
formula will be simplified if the defining functions for M have a nice form. To
thisend, let K cC M be compact. We define a family of local biholomorphisms
H,: C" — C" indexed by p € M and which depend smoothly on p. We
require the following properties on the family of Hp .

(1) H(0)=p.

(2) There i1s a neighborhood U of 0 in C" such that for each p € M
there is a neighborhood U, in C" of p with H : U— U, a biholo-
morphism.

(3) Suppose D ={qg e C"; p(q) <0} and let p’ = po H, . With coor-

dinates (z,w) e Cx C"™", z=x+ iy we require p’(x + iy, w) =
W (y, w)— x where h”: R x C"™' — R is smooth and has no pure
terms, i.e.,

0"'h? (0)

PV =0 for0<|al <m,

(recall m, is the maximum type of any point in M ).
(4) The family {H,;p € K} is a bounded set in c™(U).

Thus Hp_l takes p to 0 and takes M N Up to a hypersurface which we will
denote by M, and which is graphed over its tangent space at the origin with
a graphing function which has no pure terms. The construction of the H, is
straightforward and will be omitted.

Clearly, there is a constant C > 0 such that if x € R with |x| < C, then
(x+1i0,0)e U. Theset U = {H,(x+1i0,0);peM, |x| < C} is therefore an
open neighborhood of M in C" and our desired projection map n: UND — M
for Theorems 2.4, 2.5, and 2.6 and can be constructed so that for each p € M ,
n_'(p) =H {(x+10,0); |x| <C}. Since M and M, are biholomorphically
related, clearly A, (p,d) ~ A,, (0,6), where here and below 4 ~ B means
that there are constants 0 < C| IS C, < oo which are independent of p and ¢
so that

C,A<B<CA.

Note that this means that the sets HP{BM (0,9)} and B,,(p, d) are compara-

ble.
We shall now derive an equivalent formula for A,, (0, J).

P



216 A. BOGGESS, R. DWILEWICZ, AND A. NAGEL

Definition 3.1. Suppose /: R x C"™' = R is smooth. For 2 <m< oo we

define . .
h o’ h(0)
An@=3,  3 ‘W

(Byses Byy)
laf+1Bl=J

Lemma 3.2. Suppose M, and W’ are defined as above. Then

5.

Ay(p.8) = Ay (0,0) ~ Ay (8),

where my, is the maximum type of any point on M .
Proof. As already mentioned, A, (p,d) ~ Ay, (0 d) holds because M, is a
biholomorphic image of M .

The definition of 4, . given in §2 depends on the choice of vector fields
for the tangent space of M, and a different choice of vector fields gives an
equivalent A, . Thus we shall make a fixed choice of vector fields that we
shall use. With z = x + iy, a basis for the complexified holomorphic tangent
bundle is given by L,, ..., L, ,, where

. WP
~ 1o} w 0
L = 2 I forl1<j<n-1
j 6w.+ Y REE orl<j<n )
J V
LH”_I:LJ forl<j<nmn-1.

It will be covenient to work on the tangent space of M , atthe origin which can
be identified with R x C"~". Let #: M, — R x C"! be the usual projection
map, i.e., #(h’(y, w)+iy,w) = (y,w) € R x c" ' Let L, = dﬁ{zj} for
1<j<2n-2. Then

b lhf:, o

L =2 _ 2 for1<j<n—1,
/T ow, (1+1h‘V’)c’)y orisJsn

L, :Zj forl<j<n-1.
The transverse vector field willbe T = 4 . To conform with the notation above
for the L’s, we let
9 = 8_ forl1<j<mn-1.
8wj+n_l 8wj

With the above convention, we may rewrite
m  2n-2

A"’I (6 Z Z

J=21i,.

dh?(0)
., 0w,

J

5.

Since A’ has no pure terms, nonvamshing terms in the above sum occur only
when one of the above indices is restricted to 1, ..., n — 1 (the unconjugated
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variable indices) and another (different) index is restricted to n, ..., 2n — 2
(the conjugated variable indices). Therefore we may write

) m n—12n-2 2n-2 ajhp(o)
(33) A @=233 % 2 ‘aw—aT

J=20=1 h=n iy, i=1 | i

8.

is given

Now we shall unravel the 4, ;
R /

by

where on R x C"~' the A
y e

C
(L Lo (L L)ool =4, (@)T,  mod Hy (M)

for g=(y,w)e RxC"".
We define I/. to be the ideal spanned over C*°(R x C"—l) by

(A, 3 1<i i <2n=2fork < j},

IR

and W, to be the ideal spanned over C°°(R x C"_') by

o "
. 1< . . <2 _ < .
ow,; ..., 0w, ;1<i;, ..., ,<2n—-2and k < j

k

Lemma 3.4. For 2 < j < m,

(a)
A =L[{L,.¥],...,L, {Ailiw}...} mod /,_

oo d) i 1
b)yIf1<iy,<n-1land n <i, <2n-2,0or 1 <i,<n-1 and
n<i, <2n-2, then

0/hﬁ
£ ow, 0w,

J

LI./ - -Lis{l”iz} = mod W,_,,
where g is a smooth function with |g(0)| = 2.

() If 1<, i,<n—1orn<i, i,<2n-2, then

Lz’, "’Lil{lz‘,iz} € Wj—l-

Proof. Part (a) is easily proved by induction on j. For part (b), we first com-
pute 'li.i» inthecase 1 < i, <n-1and n < i, <2n—2. After an easy
computation using the formulas for the L ;> we obtain

-2i
(3.5) &wz=h5”mz‘(fij;57> mod W,.
We let g be the term in the parentheses on the right. The above formula
establishes part (b) for this case when j = 2 because hf (0) = 0. Using the
formula for the Lj, it is clear that if f € W, , then Ljf € W, ., . Therefore,
applying Ll.j y e L,y3 to the above equation establishes part (b) for j > 3.
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Since /1 =4, i, , clearly the same arguments above establish the case when
1<, < n — 1 and n<i < 2n - 2 ThlS completes part (b).
For part (c), if, say, 1 </, i, <n—1, then

l _ 8 _ih57:| + 8 lhﬁ,
W ow, \ (L+ ikl ) T ow, (1+zh;’)

which clearly lies in W, . The proof of part (c) then follows easily from the
formulas for the L.

Now we can complete the proof of Lemma 3.2. We shall show by induction
on m, 2<m< mg, that

m 2n—2

(3.6) SOY W, 0 A 6).

— T
=21 ,...,lj—l

When m = 2, both sides of (3.6) are equivalent to the usual Levi form (multi-
plied by 5° ) and so the proof is easy in this case. So we assume (3.6) for m —1
and prove it for m . We have

(3.7) Z Z l(0)|5fg Z‘ 4, (06" +Am [(8)

=200, i)y,

by the induction hypothesis. Note from Lemma 3.4 with j = m, that 4, ;€
12 "m
W, if1<i,i,<n-1orn<i,i,<2n-2. Thus

A,

Lyses

(0)]6™ < COA"_ (5)

if 1<i,i,<n-1orn< il, i, < 2n — 2. Combining this with Lemma
3.4 forthecase 1 <i <n-1, n<i,<2n-2orthecase 1 <i,<n-1,
n<i <2n-2 we obtain

2n—2 ” n—12n— n=2 dmhp(()) .
14, (0" =2 _oml) s
(38) i|"Z’=l e IZI 2’3 Zl—l dw’l,...’wi”’
< C&Am 1 (9)

for some uniform constant C > 0. The right side of the above inequality results
from the “mod 7, _,” terms in part (a) of Lemma 3.4 and the “mod W,
terms in part (b) in Lemma 3.4 and the induction hypothesis. In view of (3.3),
inequalities (3.8) and (3.7) easily establish (3.6) provided J is suitably restricted
so that the right-hand side of (3.8) can be absorbed into the right side of (3.6).

This completes the proof of Lemma 3.2.

”»

The following easy lemma is used throughout much of the rest of this paper
to absorb higher order error terms in ¢ .
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Lemma 3.9. Given a compact set K C M, there is a constant C > 0 which is
independent of p € K and 6 >0 so that if m > m, then

s" < ce" A, (0,9).

Proof. Since M is a compact hypersurface of type m, < oo, clearly there is a
constant C > 0 such that

’no
Z Z Y —ﬂ >C
=2 ol +]8|=j | OW OW

for all p € M. Let N be the number of terms in the above sum. For each
p € M, there must be a choice of « and § (depending on p ) with

lal+|Bl 1P
] h"(0) > g
owow” N
We then have for m > mg
s < gm=align N N [P0 (0)| sjatisi
- C| pw'ow®?

< 26" TAL (8)

O =

which establishes our lemma after using Lemma 3.2.
Now we shall give an alternative description of the ball B,, (0, J) in terms

of the graph of A" over a rectangle in R x C"' of width ¢ in the C"'
direction and width A,, (0, J) in the y direction. Let

B, (0,0)={(h"(y,w)+iy, w); |w| <Jand |y| <A, (0,0)}.

Lemma 3.10. The balls B,, (0,6) and l}M (0, 0) are comparable. That is,

there are uniform constants 0 < C; < C, < oo which are independent of p and
0 and there is a constant 6, so that if 0 < <, then

B, (0, C\0) C B,, (0,3) C B, (0, Cy0).

Proof. For 1 < j < n-1,welet X, be the real part and Yj the imaginary
part of the vector fields Lj defined in the proof of Lemma 3.2. Thus

5 K 4K
(3.11a) Xj=l(,i————-i),
2 J

(3.11b) Y =x|—— - ———— . =
o2\ 0v;, 14 (k) Oy
where wjzuj+ivj, 1<j<n-1.Asin Lemma 3.4, we let

()
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Recall that 7: Mp — Rx C"! denotes the standard projection and that the
vector fields X i Y, and T are images under dn of vector fields defined on
M,. Since 7 oexp = expod7, it suffices to show that the sets

R(8) = {(y,w) € Rx C""'sjw| <8, y| <Ay, (0, 6)}

and

n—1
B(d) = {qx R x C"_l;qzexp (Zanj+Bij+yT)

J=1

j?

where a, ,, 7 € R with o], |8, <8, [y <A, (0, 5)}

are comparable.
By the definition of the exponential map, if g € B(d), then g = ¢(1), where

9:[0,1] — R x C""" is a smooth map with

n—1

v'(1) = ,Zl(anfl‘/'“) B Yo+ 7Tl

=
here |a |, |B;| <d and [|y| < AMP(O, J). By writing out ¢ in components as
p=M,¢+iy,,....,¢,_,+iy,_,),where ¢, v, ,and n are all smooth real
valued functions, and then using the component descriptions of X Iz Yj , and
T given in (3.11a, b, ¢), we obtain

&W=a,/2, 1<j<n-1,
wit)=—B;/2, 1<j<n-1,
(1) =7+ F(p(1)),

where
1t oy () + hhy )+ By(hy — A )

vy
F=—> ,
2; 1+ (hE)?

Integrating the above equations yields

(3.12a) &(1)=a,t/2,
(3.12b) v, () = =B1/2,

(3.12¢) nt) = yt+/0 F (n(s), —;—(a— iﬂ)s) ds,

where we have written a = (o, ..., a,_|) € R"" and B=B,....B,_,) €
R"™'. Since h?(0, 0) = 0, the denominator of F stays bounded away from
zero provided & is kept sufficiently small. So, we examine the Taylor expansion
of the numerator of F of order m, in powers of n and w = %(a —ip)s and
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W = $(a+iB)s, keeping in mind that |a|, |B| arelessthan J, || < AMP(O, J),
and 0 < s < 1. Note that the Taylor remainder of order m; + 1 can be
made negligible compared to A MP(O, 0) by suitably restricting J in view of
Lemma 3.9. We recall that VA(0) = 0, so there is no constant term in the
expansion. Any term involving a factor of # will be dominated by 4|7,
where |[n| = sup,.,, [7(1)]. The factor of & comes from the factors of «;
and g8 I in the numerator of F which stay less than J in absolute value. The
terms in the expansion of A’ and A} which only involve w and @ are all
dominated in absolute value t,Jy some constant multiple of A Mﬂ(O, J) in view

of Lemma 3.2 (recall that the expansion of 4” involves no pure terms). In
addition, |y| <A, (0, J). Therefore, after taking the supremum of both sides
P

of (3.12¢) for 0 <t < 1, we obtain
(3.13) Il < C(llnll + Ay, (0, 0)).

One can then easily absorb the term involving J||n|| appearing on the right
side of the above inequality by suitably restricting ¢ . In particular, |7(1)] <
CA,, (0, 9). In addition, clearly )|;(1)| = gla;| <d/2 and |y, (1)] = 318)] <
/2. Thus

B(d) C R(C9)
for some uniform positive constant C .

To establish the other inclusion, we fix a positive constant ¢ which will be
chosen later. Suppose that (y, w) € R(¢d). We wish to find the function ¢
whose components are given in (3.12) so that ¢(1) = (y, w). If a; = 2Rewj
and B, = —-2Imwj, then (1) + iy;(1) = w; and la,|, [B)] < 2¢0 for 1 <
j < n— 1. With this choice of a« and f, one can then repeat the analysis
following (3.12¢) to show

(3.14) Inll < CeA,, (0, ).

The analysis following (3.12¢) together with the above estimate on 1 show
IF(n(s), $(a—iB)s)| < CeAMF(O, ) for0<s<1.

Therefore from (3.12c), we have

(3.15) n(e) 2 1(y = CleAy, (0, 9),

where C is some uniform positive constant. We now restrict ¢ so that 0 <
¢ <min{}, §/C}. Since 7(0) = 0, it is now clear from the above inequality
that if |y| < eA,, (0.6), then y can be chosen so that [y| < A,, (0, J) and so

L

that n(l)=y. This establishes that R(ed) C B(J), and completes the proof of
Lemma 3.10.

In CZ, we have the following lemma, which we will use in §7 for estimat-
ing plurisubharmonic functions in the case when M bounds a pseudoconvex
domain.
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Lemma 3.16. Suppose M bounds a pseudoconvex domain in C*. There are
positive constants 6, and C, such that for each p € M there is a polynomial

h?: C — R of degree m, + 2 with no pure terms such that
(a) A {h"(w)} >0 for we C, |w|<J,.
(b) For 2<m<my and o, f >0 with a+p=m
o"h’(0) 9™h"(0,0)
ow*ow?  ow ow”

(c) Al (3) ~ Al (3)] < CuoAL ().

5" < CoA" (9).

Proof. We are in the case n = 2; so there are only two vector fields L, and
L, (with L, = Zl) which span the complexified holomorphic tangent bundle.
We have

'11,2T =[L,, L] mod(L,, L,),

where 7 = 9/0y. The pseudoconvexity of M implies ii’l’ L, w) >0 for
(v, w) near (0, 0). In view of (3.5), we have

p
w

22—

(1+(hy)7)
where g, € W, (W, is the ideal defined in the proof of Lemma 3.2). Let
;1’1' _»(w) be the Taylor polynomial of ,1’1’ (0, w) of degree my, in powers of w

and W. Let H” be the polynomial of degree m,+2 in w and w with
AH =il ,(w)

(3.17) i,{ll)’z((),w): +8,

obtained by integrating each term of i’l’ , once with respect to w and once
with respect to w . Since i&’l’ ,(0, w) >0, clearly

A H" > ~Clw|™"!

for some uniform constant C > 0.
Let
C lm0+2 )

W (w) = H (w) + )21w

(3mo+1
The pseudoconvexity of M implies that m, is even and so h* is a smooth
polynomial of degree m+ 2. The constants are arranged so that A“ﬁp (w)>0
provided |w]| is less than some uniform J, > 0. From the definition of h*

and H” and (3.17) we have
. A K (0, m
AR (w) =20 ( Z’) + g, + Clw|™ + O(lw|™*")
L+ ()

with g, € w'. Differentiating this equation, we easily establish
8’hP(0)  9’h*(0, 0)

+g. .(0,0 for2<a+B8=j<m,,
ow"ow?  dw ow’ &-1(0.0) g 0
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where g, | € W'~ Parts (b) and (c) now follow easily from the definition of
Af:o(é ). This completes the proof of Lemma 3.16.

Now note that the biholomorphisms H, constructed at the beginning of this
section map the set U~ to the set {(x+h’(y, w)+iy, w); x >0} and U" to
the set {(x+A"(y, w)+iy, w); x <0}. In addition, for g € V, (0, &9),note
that H,(q) is a point of the form (h’(y, w)+ iy, w)+ (x, 0) for some 0<

x < quf:O(O, 5), and for some y € R and w € C"~' with |y| < g\, (0 é)
and |w| < &,0 . Therefore in view of Lemmas 3.10 and 3.2, Theorem 2 5 (and
hence Theorem 2.4) is reduced to

Theorem 3.18. (a) There are positive constants p,, d,, &, and C so that for
any 0 <9 <9, thereis choice n = =1 so that for all w € C"_l and x, y € R
with |w| < g,0, |y| < gyA my (0 6), and 0 < nx < pyA (0 0) there is an

analytic disc A so that the restriction of A to S' has image in
{(x+h(y,w)+iy,w); nx <0, |w| < Cd, |y <A (0 o)}

and
AL =0)= (A" (y, w)+iy, w)+(x,0).
(b) If M is the boundary of a pseudconvex domain, there are constants 9,
C,., and C, sothatif 0 < < d, and 0 < x < CA (0 0), there is an

analytic disc A such that the restriction of A to S' has image in
{(x+h”(y,w)+iy,w)eM x<0,lwl<Cd, |y|<A (0,6)}

and
Al =0)=(x+10,0).

Furthermore, the constants ¢, u,, 6,, C,, and C, depend only on the C
norm of {h*,pe K cc M}.

my+2

Note that part (b) of Theorem 2.5 follows by applying part (b) of Theorem
3.18 to each point g € B, (p, ) and with J in Theorem 3.18 replaced by 5q,,

(9,, 1s defined in Definition 2.3).

4. THE MODEL CASE
As we shall see, a rescaling argument will allow us to reduce the proof of
Theorem 3.18 to the case where 6 = 1 and A (O J = 1) = 1. In addition,

we shall see that the dominant term in A”(y, w) is the Taylor polynomial
(expanded about 0) of A’ in the w and W variables of order m,, . Thus we
shall first consider the model case where A’ is a polynomial of degree m, in

w and W with A’;fo(o,a —1)=1.
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For a function 4: R x C"~' — R, define
Ay, =N, (0,5 =1).

We also let AO’I/Z(Sl , C"—l) denote the space of all C"™' valued Holder
continuous functions (with exponent % ) defined on S ' whose negative Fourier
coefficients vanish. Thus elements of 4°"'/2 (S ', "y can be identified with
certain analytic disc in C "= We will denote the Holder norm in this space

by |-
We let

P: C"' = R; P is a polynomial of degree m,
| with no pure terms and with A;O =1.

The key lemma is the following.

Lemma 4.1. (a) Given a positive integer my, there exists u, > 0 so that for

each polynomial P € S there exists W € AO"/z(Sl , C" Y with i <1,
and W(0) =0 so that

1

2n
in
= [ POV do| 2 .

(b) Given a positive integer m there exists u, > 0 so that for each subhar-
monic polynomial P: C—> R, Pe S, we have

1 2n ip
= [ P do>u,.

Remark. Part (b) states that if P is subharmonic, then the conclusion of (a)
holds with W({) = {. This will be useful in §6.

Proof. First, we reduce this lemma to the simpler case when P is a polynomial
defined on C'.

Sublemma. It suffices to show Lemma 4.1 for the case n = 2.

Proof. Since P is defined on c! , h > 2, the idea is to examine P along
one-dimensional complex lines which pass through the origin. For v € c!
with |[v| =1, welet P : C — R be defined by P (w)= P(vw) forw € C. We
shall assume Lemma 4.1 holds for all the P,,,/A,’:;‘O € S. Since the constant x4,
in Lemma 4.1 is independent of the polynomial P € S (for n = 2), it suffices
to show that , ,

snlip{AW;‘“} >CA, =C

Il! - mg

holds for any polynomial P € S, where C, > 0 and is independent of P. Our

sublemma now follows from the facts that S is compact and the map v — A;
0

for any fixed @ € S is a continuous real valued map which is positive for some
v with |jv||=1.
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Thus we shall assume our given polynomial P is defined on C.

Let S denote the set of polynomials P(z) =3_p, s %% of degree m, , with
no pure terms and with le”/’,| = 1. Note again that this set is compact.
If Lemma 4.1(a) were false, then for each positive integer n we could find a
polynomial P, € S so that

] 2n

ip
57 ), B(WeDde

1

< -
n

for every W e 4°'/2(S', ¢"™') with ||W| < 1 and W(0) =0. By selecting a
convergent subsequence, we conclude that there is a polynomial F, € S so that

2n .
/0 P (W (") dp =0

for every W e 4%V3(s', ¢"™') with ||W| <1 and W(0) = 0. However, we
have

Sublemma. Let P be the real analytic function on the closed unit disc D in the
complex plane. Suppose

1

2n .
H/o PW(e'’)dy =0

for every W e A>3 SY, ™YY with W) < 1 and W{0) = 0. Then P is
harmonic.

Assuming this result for the moment, we conclude that P; € S is harmonic.
However, this is a contradiction since P, is not identically zero and has no pure
z or z terms. Therefore, it suffices to establish the above sublemma.

In fact, the sublemma is true under the weaker hypothesis that P is merely
continuous (see Globevnik and Rudin [GR]). For completeness, we give a dif-
ferent proof which works in the real analytic case.

Consider the analytic disc

w, () =2

1=

Clearly, W, ,€ A”'*(S", C) and ||W, || < Ca(1-4)""*. Following Boggess,
Pitts, and Polking [BPP], we can use Residue Calculus to show thatif m, n > 1,
then

\

2n )
— [M/A a("'w)]m[Wg a(é’w])]nd(p _ a'"a"(A
2n /o . :

aeC, 0<i<Il.

5

2\ —(m+n)+1 N
mn(l —4 ) Enm(A)) ’
where |E, (4)] < (1 —4%)"""*"*? and the 4,, > 0 are combinatorial con-
stants. If m or n is zero, then
1 2n

L , 19\ M (57 [p\qn _
37 ), W, eI, (e")] dp=0
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because W, ({=0)=0. Thusif P is real analytic, we can write

P(z)=) p,,z"2"
and this infinite series converges for |z| small enough. So if
sup [W, ,(0)] < Ca(1-2)""
1K<t

is sufficiently small, we have

1 2n

- ip
0=z | POV, (") do

= 3 pd"@d'4,, (1 - L E ().
m,n>1
Let k = inf{s; there exists p,, # 0 with m +n =s}. If P is not harmonic
then 0 < k < o0 and

o=| 3 pd,.a"a (1= (1 =2DHo(al (1 - 237

m+n=k
m,n>1

provided |a|(1 — ,12)_' is small. By first choosing 4 close to 1 and then |a|
small, we see that this implies that p,, =0 if m+n=k, m, n> 1, which
contradicts the choice of k. Therefore, P is harmonic.

For the proof the part (b), we note that f02” P(e'’Ydp > 0 for each subhar-
monic P € S. Part (b) now follows from the compactness of S.

5. THE GENERAL CASE

For k >0 welet C k(R X C"_]) be the space of complex valued functions on
RxC""" whose kth order derivatives are continuous. A Ck-neighborhood of a
function 4 € CK(R x C"~") will refer to a neighborhood of # in C*(RxC"™")
with the usual C* topology, of uniform convergence of kth order derivatives
on compact subsets of R x c" ',

The key lemma is the following.

Lemma 5.1. (a) There are constants ¢,, u, > 0 and a neighborhood U of
the origin in CO(R X C"_l) so that for any P € S (S defined in §4) there
is a family of analytic discs A(y,w) : D — Cx C"™" for |y|, |w| < g, of
the form A(y, w)() = (G(y, w)({), W(w)({)) € C x c"! so that for any
he C°RxC"") with h—PeU

(1) Ay, w)(=0)=(x"+1i0,0)+ (h(y, w) + iy, w) with |x*| > u,,

(ii) sgn(x")Re G(y, w)({) < A(ImG(y, w)({), W(w)({)) for || =1.

(b) There are constants €y, u, >0 so that forany P €S with P:C — R
subharmonic, the conclusion of part (a) holds with W (w)({) ={+w and x* >
Hg -
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Proof. For part (a), we note first that we can apply Lemma 4.1(a) to obtain
Uy > 0 so that for any P € § there is an analytic disc W: D — c"' with
W(=0)=0 and |I| > y,, where

1 2n

_ (.9
1_271 ; P(W(e"))dy.

Let G: D — C be an analytic function with
(5.2) ReG(e'’) = P(W('’) -1, G(0)=0.

Such a G exists since the mean value of the right side of the first equation
above (over 0 < ¢ < 2m) 1s zero. Let

A(Q) = (G(y, w)(§), W(w)(C)),

where G(y, w)({) = G({) + I + iy and W(w)({) = W({) +w . Since G({ =
0) =0 and W({ = 0) = 0, we have A({ = 0) = (3 +iy,w) = (31 -
h(y,w), 0)+(h(y, w)+iy, w). We can restrict ¢, > O suitably small so that if
V], lw| < &y, then |h(y, w)| < py/6 . Together with the estimate |17] > u,/3,
we see that (i) holds with g, replaced by x,/6 and x* = I —h(y, w).

To show (ii), we first note

> P
(5.3) IGl < CA;, (0, W) < C,

where C is a positive constant independent of P € .S. This is easily shown by
noting (5.2) and ImG = T(ReG) (T = Hilbert transform) and by recalling

that T is continuous with respect to c®'? norm -1 -
Now suppose I > u, > 0. For [{] =1, we have

ReG(y, w)({) = ReG({) + 41
= P(W(0)) - 31 (by (5.2))
< h(ImG(L), W(0) - 41,
where (in view of (5.3) and ||W|| < 1) the last inequality holds for any 4
with 4 — P € U provided:U is a sufficiently small neighborhood of the origin

in CO(R X (C"_l). Since S is compact, this neighborhood can be taken to be
independent of P € §. Thus if |y|, |w| <¢, and g, is small enough,

ReG(y, w)({) < h(ImG(y, w)({), W (L) +w)

which proves (ii) for the case I > u,. The case I < —y; is handled in a similar
manner.

The proof of part (b) follows in the .same way as part (a) except part (b) of
Lemma 4.1 is used instead of Lemma 4.1(a). This completes the proof.

Now we complete the proof of Theorem 3.18 (and hence Theorem 2.4). For
d > 0 define Hf: C x "' exC" by HY(z,w) = (A" (0, 8)z, ow),

m,
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and define
p_ hpng
O W
AR (0, 6)
and laf+| 8]
0" hl(0, 0)

w'w” .
owow”

P (w) =

2<]ol+[B1<m,
h P’
Wenote A)) =A,» =1 and
0 0

Ky, w) = P (w)] < Clyljwl+ Jw]™)3,

where the last inequality can be easily verified by Taylor expanding hg about
0 in w and w and by using Lemma 3.9. Thus given any C O-neighborhood U
of the origin, clearly J, can be chosen small enough so that A} — P} € U for
0<d<4,.

Note that Hj takes the set {x = h}(y, w)} to M” = {x =h’(y, w)} and
that H;’ takes a set of the form {x = hg(y, w); |y|, lw| < C} onto a set which
is comparable to BM’](O, J) (in view of Lemma 3.10). Thus it suffices to show

Theorem 3.18 holds with 4” replaced by 4, (0 < <d,) and with Af:O(O, d)
replaced by Al

m
Now for any fixed 0 < J < J, we can use Lemma 5.1 to obtain an analytic
disc Ay, w)({) = (G, w)({), W(w)({)) satisfying (i) and (ii) for |y|, |w| <
€,. Now ¢, and u, in Lemma 5.1 are independent of P € § and therefore
are independent of 0 <d <4, .

Suppose x* >, (x* asin Lemma 5.1). For 0 <s <x" we let
A(,V» w, S)(C) = (G(y9 Iw)(C) -5, W(w)(C)) .
Note that (ii) (in Lemma 5.1(a)) holds for A(y, w, s)({). Also
Ay, w, s)(¢=0)=(x"—s+1i0,0)+ (h(y, w)+ iy, w).
Thus by choosing s appropriately, we see that any point of the form (x +
h(’s’(y, w) + iy, w) with 0 < x < u, and |y|, |w| < g, is the center of an
analytic disc with boundary in the set
{(x+iy,w); x < h(y, w)and |y|, lw| < C},
where C is a constant independent of J. This proves Theorem 3.18 for the
case x* > ¢, (ie., take n = +1). The case when x" < — 4, 1s handled in a
similar way (leading to the choice n=—-1).
Part (b) of Theorem 3.18 follows from part (a) of Theorem 3.18 because the
pseudoconvexity of A implies that the hull of B,, (0, §) must always lie on

)

one side of M, regardless of ¢ . This means we oniy have the case n = +1.

6. ESTIMATING PLURISUBHARMONIC FUNCTIONS

By the same change of variables argument with Hp as in §3 which was used
to reduce Theorem 2.5 to Theorem 3.18, we can reduce Theorem 2.6 to
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Lemma 6.1. There are constants 6,, C, A > O with the following property.
Forany pe M, let u be a plurisubharmonic function on the pseudoconvex set
{(x+iy,w)€eC"; x> h’(y, w)} and continuous on the closure of this set. For
any 0<J <, and x = AM,,(O’ J) we have

. A
WX +10,0) < o A _, [uO1da ),

where B, = BMP(O, 0).

By a slicing argument we need only prove this for n = 2. As in §5, we shall
rescale by using the map Hg’ which will allow us to reduce the proof to the case
d = 1. Therefore the key lemma is

Lemma 6.2. There is a neighborhood U of the origin in C ! (RxC) and constants

x", C >0 and a compact set K C R x C so that for any P € S and any
he C'(RxC) with h—Pe U we have

ux +i0.0< [ Juth(y w) + iy, w)ldy diw)
(v,w)eEK .
for each u which is plurisubharmonic on {x > h(y,w)} and continuous on
{x>h(y, w)}.

Here dA(w) is Lebesgue measure on C.

Proof. Since {P € §; P is subharmonic} is compact, it suffices to show that a
neighborhood U as above exists for each fixed P.

Using Lemma 5.1(b) with y, w =0, we can find an analytlc disc A({) =
(G(0), C) amap A:D - CxC,and a c® -neighborhood U of P so that for
any he U

(i) A =0)=(x"+i0,0) with x* >0,

(i) ReG(¢) < h(Im G(¢{), &) for L] =1.

Now (i) and (ii) remain true for small real perturbations of G of 4. So we
shall perturb G so that for each A in some C l-neighborhood of P

(ii1) the curve {{ € D; A({) € M} 1is a closed simple curve, where M =
{x =h(y,w)} and A({) = (G({), ().

Sublemma. There exists an analytic disc G: D — C satisfying (i), (ii) and (iii).
Proof of Sublemma. 1t suffices to find such a G satisfying (i), (ii), and (iii) for
h = P for then (i), (ii), and (iii) will certainly hold for all /# in some small c'

neighborhood of P.
For G: D — D analytic let

95(8) =ReG({) - P({), {eD.
With G defined as above satisfying (i) and (ii), choose {, € D so that ¢({,) =

0. The point {, € D exists because {x = P(w)} separates €’ and because
9s((=0)=x">0 and ¢.({) <0 for [{|=1.
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We may assume 0¢({,)/0x # 0, where { = x +iy. For otherwise we set
G (0)=G() +¢(¢ - {y)¢, with & € C chosen small so that 9¢((,)/0x #0.
Note that (i) and (ii) still hold for G° provided || is sufficiently small.

Since 9¢;({,)/0x # 0, clearly ¢, maps a small neighborhood of {; to
a small neighborhood of ¢,({,) = 0 in R. Sard’s theorem implies that the
image under ¢, of the set of critical points of ¢ is a set of measure zero in
R . Therefore we can choose « € Image ¢, arbitrarily small so that

gp;l(a) N {set of critical points of ¢} = ¢

The curve (pgl(a) is thus a closed simple curve in D. In addition, the curve
(pgl(a) is the set {{ € D; 4 ({) € M}, where M, = {x = P(w)} and where
A,(0)=(G()—a,{). So, if « is sufficiently small, then 4" satisfies (i), (ii),
and (iii), as desired. This completes the proof of the sublemma.

Now clearly, small complex perturbations of G also satisfy (ii) and (iii).
Therefore we shall choose & > 0 small so that if |x +iy| < ¢, then (ii) and (iii)
hold for the analytic disc { — G({) + x +iy.

If u is plurisubharmonic on ¥ = {x > h(y, w)} then we can subaverage
u and obtain
(6.3) u(x™ +i0,0) < Lz u(x"+x+iy,0)dxdy,

ne” J(x+ireD,
where D, = {(x +iy) € C; |x + iy| < ¢}. Here we shall assume that & < x"/2
so that we ensure that u(z, 0) is subharmonic for z € {x" + D,}. Note that
the constant C = l/n.s2 depends only on the C‘-neighborhood of P but is
independent of /4 in this neighborhood and the plurisubharmonic .
Let A(x, y)(¢) =(G({)+x +1iy, ) and let

C.,={0eD, A(x,y)({)e M} (where M ={x=h(y, w)}).
For (x+iy)e€ D,, C, isasimple close curvein D (from (iii)) which separates
D into two componeﬁts {eD;Ax,y)()eV }yand {{e€D; A(x,y)() ¢
V*}: both with boundary equal to C . Since uo A(x, y) is subharmonic on
the former and since A(x, y)({ =0) = - (x +x + iy, 0) we have from (6.3)

u(x™ +1i0, 0) <C/ / O+ x+1iy, Cldxdyda (0,
(eC,. J(x,yeD,

where do , denotes surface measure (i.e., arc length) on C_ and where C is
a constant which is independent of h € U + P and u.
Now the map
(x,y, O = (G +x+iy,HeM

for (e C,, and (x +iy)€ D, isa C' map with nonsingular derivative and
so this map is locally invertible and its image contains an open subset of M .
Furthermore its image is contained in some compact subset KnM of M. So
u(x*+i0,00<C | _l|ulda,
MNK
where do is surface measure on M .
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Finally, the map (x + iy, w) — (x + h(y, w) + iy, w) is a difftomorphism
which takes {x =0} to M . Therefore

u(x"+i0,0)<C lu(h(y, w)+ iy, w)dydi(w),
(v, w)eK

where K is a compact subset of R x C. The set K and constant C depend
only on the C ! neighborhood of P as desired. This completes the proof of
Lemma 6.2.

Now we complete the proof of Lemma 6.1 (and therefore Theorem 2.6). We
let 4’ and A" be defined as in §3 (see Lemma 3.16 for the properties of A’ ).
We define H;f: ¢t~ ¢? ,

Hj(z,w):(Am (0, 8)z, dw),
and we let ) ) .
g MoHy o opp oM
A’::O(O, 5) A’;,jo(o, 5)

As in §5, we note that H} takes {x > h}(y, w)} to {x >h"(y, w)}. We also
note

(i) Al =1 (s0 PLES);

(ii) Pj is subharmonic;

(iii) PY—h — 0 as 6 — 0, where the convergence takes place in C*°(RxC).

Facts (i) and (ii) are immediate from the definitions. Part (iii) is seen by a
Taylor expansion of P; and 4} and by using Lemma 3.16(b).

Therefore there is a 6, > 0 so that P" h” € U for 0 <dJ < 4,, where
U is the C' neighborhood found in Lemma 6.2. For u a plurlsubharmomc
function on {x > A”(y, w)} and for 0 < J < 4§, define u = uo Hy which is
plurisubharmonic on {x > h”(y w)}. In view of( ), (i), and (111) above, we
can apply Lemma 6.2 to u; and 4j to conclude

us(x"+1i0,0) < C s (R (v, w) + iy, w)dydi(w).
(yv.w)EK

Now, we pull back the integral on the right via (H(;’) to obtain

w(A” (0, 8)x" +i0, 0)

C / p .

< —— lu(h™(y, w) + iy, w)dydi(w).
200 ;|<(Am (0.9) :

9 A'"U(O’ 6> [lu[<((5

m

In view of Lemmas 3.16(c) and 3.2, Am (0,0) ~ A, (0,9d) and in view of
Lemma 3.10 the ball BMN(O, J) is comparable to the graph on M, of the
domain of imegration on the right side of the above inequality. Finally we note
|B O )| ~d” Ah (0, d), and so the proof of Lemma 6.1 is complete.

mg
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